Math 13F F1§ Frnal

Notes:

L. Answer all questions in the space provided. You may use the last page as additional space
for solutions. Clearly mark this il you do.

2. Your grade will be influenced by how clearly you express vour ideas and how well you
organize vour solutions. Show all details to get full marks. Numerical answers should be

i exact values (no approximations). For example,

is acceptable, 0.5660 is not.
3. There are a total of 103 possible points, plus 1 possible bonus point.
4. Check that vour exam has 16 pages, including the caver page.

5. DO NO'T write on the Crowdmark QR code al the Lop of the pages or your exam will not
be scanned (and will receive a grade of zero).

6. Use a dark pen or pencil.



(MC) Answer the following multiple choice questions by writing either a, b, c. or d in the box
to the right ol the question. Note there is only ene correct answer for each guestion.

(2] L. Hm | f{x)] = 0 if and only if mj
Rid)
1%111 @) =0
L

{(h} f{r) iz contimous al. r = a.
{¢) f{x) iz differentiable at & = .
{d) None of the ahove,

2] 2. 1 f is a continuous function en [a. 4], which of the following must be true?

{a) fis differentiable on {(a.b).
(b} fle) < fle) < fib) for all 2 € la. 8]

There exists a point ¢ € |a, b sach that f(c} > f{x) for all & & Ja. b].
{d} None of the ahove.

2] 3. lim In{2z) = IE

e In{3a)
(a) 2/3.
@p.

{e) 3/2.

{d) Nane of the above.

4 The statement “For all e > 0, there is a ¢ > 0 such that when 0 < 2 — ¢ < § we get
{2 [F(x) = L| < € is equivalent o
(a) lim fay L
(b} J:lisllll‘ Sy =1L
Dl b = b
{d} None of the above.

. Il you drive 200km in 2 hours, then which of the [ollowing is corlain? ’j:l

(a) You were traveling less than 100km/h for at most one hour.
{(h) You must have heen going 100km/) for at least ten minutes.

A
e

{¢) You may ot have been traveling at 100k /I at any point during your trip.
Neome ol the above.

(TF) True/False, answer in (he hox helow the question by writing TRUE or FALSE.

[1] 6. TRUE or FALSE: If 2 < e then |7 — o] € je —al for all 7,0 € R,
FALSE

i . . 1 .
i1] 7. TRUE or FALSE: f{x) = el satisfies the conditions of the MVT on [2,4).
XX

[TAvE]
[1] & TRUL or FALSE: It f: B — R is a differentiable function with exactly 4 distinet

roots, then it must have exactly 3 local extrema.

FALAE

1] 9. TRUE ar FALSE: Suppose [ : R — R is a fanetion such thas f(2} = 3and f{4) = 13

Then. there must exist ¢ € (2,4) such that f'(c) = 5.

“MAE
[1] 10. TRUE or FALSE: Tf f artd g are continuous functions on R that, are not differentiable

at O then fg is nol differentiahle at 0.

FrslE



{S8A) Short answer questions. marks only awarded for a correct final answ er, you de not need to
show any work. Clearly indicate your final answer.

2] L Mar =1 and appy = /2a, + 35 for 1 > 1, write down the possible candidates for
the limit given that ¢, > 0 for all n € N,

[ =fzep35 = LE-2L-38 =0

- (L-PES) =0
=2 L= % “5; butGa 707 @

[2] 2. For [{x) = «¥, write the cquation for L)

2
2] 3. Given f4)=dand (1) == cletoumne the value of {f-1)'(5).

£ )60 %(f o) f/tf) (Z{;) @

(2} 4. State the Mean Value Theorem for f on [a, b].

T+ £ s Continvaos on [4b] and d. et traplo
o1 (C(,é;) Fhen There exists a Pont (CE€(a,4)

SO Fhat £7(c)- 1%) fm)

-

2] 5. Write down the third-order Taylor polviomial centred al x = 0. that is, Ty o) for
Sy ety 3%y 222y 4 L

15,00 = 3% +2 X% 4 %7




(LA) 'The remaining questions are long answer questions. please show all of your worlk.
1. Let f{x) = sin(z)

[4] {a) Prove that lim f(z) does not exist by finding two sequences z, and y,. where hoth
L
Ty~ % and y, = 2 as n = oo, butl llm Slay) # hm flu).

Lt Yoz Yn=207+Z . (learly Xa900d gpom0

bot £(xn)= ¢ farq /IC/N whele (=],

gO [//VHC(?W) [ =/,
hﬂ/?o 2

Therefore, by Cequential Characterrsatim,
(i £09 does ot ©x/57

Y- 0
[3] {h) Compute 11111 M

(e Know ~/‘7£W~/ So for X>0
S 7 <L and lin u_O
K X bl
So by The 562/ veere | heorem,

[im f_gﬂ =0 as wel

X200

M 2. Suppose AL BeR. A>0, B>0and /:R — R is a lunction such that if r—yl < A

then [J{w) = f(y)] < Bla — | for all 2.y & R, Use an ¢ — & avgunient Lo v prove that [ g
eontinuous on B,

Let €70 be given. Levr AEHR be gives.

Pries = mmé/% %5 Then, it jearc 5

Weger (- Fm)/ < BJx-af <gér<55

=
,(m[é’
X< S 4H QIE,D



3. For each of the following functions. compute f'(z) using any method. You do not need to
simplify your answers.

sin{z) + cos(x)
L a?

(/X)":- (1+x 'Z)C(OJXPEM»() “(ff"dx%(@'x)(%j)
((+x%)*

i3] {a) f(z) =

[3] (b) S{x) = In{arctan{e™))

arcin(eX) | 4+e? X

(1{BONUS) J(x) = (2018) + 218 4+ In(2018)

1) =Co1p) In(208) 4+ o8 277




Bl 4 () Find g/ if sin(ay) = sin(e) + sin(y). j:mp [reet Df"*ﬁ[e/ﬁ) tration:
(os( Xj)[jﬂ(jf) = (os X (259 9"
=7 X9 'los(xy) - yltoscy)= (os X~ Y el xy)
=7y (X(as(xy) (oY) ) = Cosx -~y (oc(xy)

= y~ (OS(x) -~y (os(X4)
X (05(xy)—Ccosty)

[3] (b) Find all eritical points for f{x) = 2% for 2 > 0. Z_Oj cirt 7;4) miC d /\{Fefl?ﬂ 7{/5[7112,}/7,
In ( £0)= XIn X
=) f ! X) - In X + |
F( x)

So f 1) =0 f%‘ and only ~£ XCG—’“‘“*‘é‘

S‘O 7LA€ oMy Critreal  Lorni~iS as

Q (e, ()



5. Let f{x) = 2% 4 27 — 2,

(3] (2} Prove that f has at least one root on [0, 1].
(o) =2 <O
£(1)=170

co Since € 7S continwuS (it poltynomid //)
£ pate root o/ Cbr/j,zéﬁ the [V

[3] } Prove that f has exactly one root on R,

f(K =3x%4270 forallXels, 5o
£ has no ¢rrtreal Pon 1, Q\/ a pProslem
done onen aSsgmen - haf AT ML o0ne fogf,

o AW exactly one oot

W tUx) =3x242 >0 for all Xeis,

£ /s Ineating and theretore one-r- one”
on K. There F&r‘ﬁ’ thore ox/SH ai mod+ oge
CER Such '/’hGi+ ) =0,

Together with (@, § hat €xactly ore rog#.
Wﬁm qlso wse Rolle’s Thesren. OED

(¢} Using 2y = 0, perform two iterations of Newlon's Method to find =y and s to
13] approximate the root of f.

Yost> Xn- (xn) #2(x0)=2
3/xnet2 -
X150, Xezo- oreg-z = ()
3(0) ¢ F2
Xs= | ~ 1+2-2 - /_i/f:@

3 2 S




6. Suppose f is continnous on [5,6] and differentiable on (5,6), and —4 < f*(a) < =2 for all
x € (5,6).

(a) Write down the inequalities you would get by applying the Bounded Derivative The-
2] orern to f on {5, 6.

£5)-H(x5) L9 £ F5)-2( x5

(2] (b) If f(6) = —2, determine an interval that f(5) must lic in.
Sub in X = 6 fo The nequa litrec /7 Partla)
) ~Y0) £1£06) £F¢) -2 (1)
=) -4 £=2~F(5)< -2 (mult by )
= Yz 2tfE) 22

=727 () zo, soffcr)E[o2]

[4] ?‘, Use the Mean Value Theorem to prove that ! sin(e) — sin(b)| < |a — bl forall a,be R .

Sin(x) 15 continwos and o Ffferestirbie
on

-y C/,AHR/ gnd WLOG- Cay a<b.
Then, fhere exists C£C18) So fhar
(oS(¢) = SM(A)=sin &) by the MVT
a-h

Then | Sinca)=sintt)] = [(osc)] <] 6 ince fosc<y)
| a-bl

=7 | Sinta)-ialb)[ £ 9-b]
U red.



g In cach case, compute the limit using any method.

(3] (a) fli],l[,la 2VVE C+yp e bD 0)
N9 o 00

13 (b) fimn, (?.51_1 111?1}) ( Fype 00 - OO)

_him k= (X0 (17F€ %)
X2UT ax (%0

LHR Jim L — |
o Xa’{".L(xw)-rl (x)

( ()

(L—V
=[m , - X +yre Y,
X1y~ 4 xhx
i‘i’g im  ~)

X3 | Hax

- I m ~/ -
X3 Zinx




a4 b
Ml 9. Fied all values of 4.0 € R so that lim e 3.

et In{e — 2)

First; /_’Q n(x)=0, co for the lim't +o

CKst we need lim ax*thx=o0 +too.
K33

So qat3b=0- "

Soywe ge+ lim axz axX ( fyre W

\n( K2
éﬁj lim 20 % -3

X3 (%K z)
“Iaff) (zarx—3a) (X-2)

_,(m -3a) (1) =3a.
gu*, we want The limit fole 5/ So Sa=3

or @
o6

] 10011 f has derivatives of all orders on R. determine, for ¢ € B:

lmo( - ) - 2] a)+,'a 2} Gype /0)
R l.m«((wh) £'ah) (e )

hso Ty,
SR im £ k) + £ (4h)
= m £

)



11. Consider the function f(z) = (1 + z)*.

12] (a) Find the second- doatee Taylor polynomial for [ centred at x = 0, Thp(z).

“F(XL(HX) 'S £(0) = |
£ (0= L () £ o)=L

Aty ,_q ‘
€ (X'*%([fx) /3:_){‘ © :"ij
So TZ{A

2] (L) Use Tup to approximate V1.5

Vs =10 o0 T, (09)= | 405 - yos)?

(¢} Use Taylor's Theorem to write down what [{x) — Toole) is equal to (in terms of
|2} and ¢) for = > 0.

"F{X}" T;,a()() = AFW[C} X3 =
3!

for ¢ €¢o X). ~ (12

12 (d) Find an upper bound on the crror in your approximation an (h).

Error = {?2(0(0@]’"[6 ()T (2.5)°¢ 5 (o )

(2] (¢} Is the ostimate in part (b) an over or under estitase?

Hos)-Tzo(0 5‘)-}2!_ (1+¢) F(0.5)° 70 for
Ce Loo. SJ/SO £(D. )> 7‘2{0[0,()/;0 S

M (6nderestimato

[2] 1 Give an interval that 1.5 inust He i, be as spectfic as possible,

@€ [% 5?%])




[12] 18 Sketch the graph of f(z), where

() = (2 — 1) (1) = _____4'1" M 4(x? - 3)
flay=("-135, (=) TR 1) e

Use this page for your work, on the next page you will summarize your findings and draw
your graph. Marks will be awarded to the next page only. On your graph, label
aly intercepts, critical points, points of inflection, and asymptotes. In your smnmary, all
points should include both - and y-coordinates.

X~ (y=9) o= (’xz*l)zéw @
)~ nt(xze): fﬁ“‘/ -
/Vc) ﬁfwfﬁﬂ
: e
{ DNECK=H =0 @x-0 ()
ay C"‘p'
O DNEG x4, (=00 x=75 (25 2

~J3 - ®) f J3

g

SER
IR =




Summary:

Intercepts

X=l (1)
X=1 (o)
Y=1 (o)

Asymptotes

None.

Critical Points

X=o
X=T
(O(jj

(+1,0)

Inflection Points
X=-V5
K=3

(ft/)}z?é)

The domain of [ is:

R

Intervals where f is increasing: E—/ ) OJ Gnd E / OZy
Intervals where [ is decreasing: (~ o ' "‘/7 Q}?C/ [ 0, J
Intervals where f is concave up: C"" 00/" \fjj and [ ‘j}; 62 )
Intervals where f is concave dowa: ["\/3—, "‘/j / E// Z]; 0/ lf}}

(~5,2%)

Ay

(0)

(:0)




